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1. Introduction

The factorized SU(2|2)-invariant bulk S-matrix []—[] plays a central role in understanding
integrability in the closed string/spin chain sector of AdS/CFT. Indeed, this S-matrix can
be used to derive [J, fl, ]l the all-loop asymptotic Bethe ansatz equations (BAEs) [ff] and to
compute finite-size effects [[j]. The corresponding factorized boundary S-matrices [§-[[L3]
should play a parallel role in the open string/spin chain sector.! The commuting open-
chain transfer matrix, which is constructed from both bulk and boundary S-matrices, was
recently formulated (following [P(Q]) in [PI]. Determining the eigenvalues of this transfer
matrix, which has yet to be accomplished, is the key technical step to determining the
corresponding all-loop BAEs.

A simpler SU(1|1)-invariant bulk S-matrix (which is in fact a submatrix of the SU(2|2)
S-matrix) was found in [f, B3], and a corresponding boundary S-matrix was found in [R1].
The purpose of this paper is to determine the eigenvalues and BAEs of the open-chain
transfer matrix constructed from these S-matrices [R1]. We expect that this computation
will serve as a useful warm-up exercise for the more realistic SU(2|2) case.

'For earlier work, see @]7[@] and references therein.



An essential element of our computation is the derivation of an inversion identity for
the transfer matrix t(p), namely,

t(p) t(=p) = Ao(p) Ao(—p) T, (1.1)

where Ag(p) is a known scalar function, which is an exact equation for a chain of finite
size L. Similar relations (although not necessarily exact for finite size) have long been
known for various lattice models 23, P4. Together with a suitable analytic ansatz (see,

, [B3-B1))), the transfer matrix eigenvalues and associated BAEs can then be obtained.

The outline of this paper is as follows. In section f] we review the construction of the
transfer matrix. In section ] we obtain the eigenvalues and BAEs of the transfer matrix. We
also work out the weak-coupling (¢ — 0) limit. We briefly discuss these results in section [
There are several appendices. In appendix [A] we solve the closed chain (using algebraic
Bethe ansatz), since we use the form of this solution to help formulate the analytical ansatz
for the open chain. We compute the pseudovacuum eigenvalue in appendix [B. We present
a proof of the inversion identity in appendix [J, and we prove in appendix [J a crossing-like
identity for the transfer matrix, the dressing function being compatible with this identity.

2. The transfer matrix and its properties

The basic building blocks from which the open-chain transfer matrix is constructed are bulk
and boundary S-matrices. We begin this section by reviewing these S-matrices. We then
briefly review the construction of the transfer matrix and present its important properties.

2.1 Bulk S-matrix
The SU(1[1) bulk S-matrix is given by [f, P>

a:{r — Ty 0 0 0
0 vy —x, (2] —xy )52 0
S 7 — 1 2 1 1 , 21
(p1,p2) 0 (x5 — x;):’—; i — 3 0 (2.1)
0 0 0 Ty —xy
where xfﬁ = 2% (p;), wi = w(p;). This S-matrix is regular,
S(p,p) x P, (2.2)
where P is the graded permutation matrix,
P = Z 1)P(PG) eij®ejq, (2.3)

1,7=1

where e;; is the usual elementary 2 x 2 matrix whose (i, j) matrix element is 1, and all others
are zero; and the parity assignments are p(1) = 0, p(2) = 1. It has the unitarity property

S12(p1,p2) S21(p2,p1) = (¢ —a3)(ad —27)I®1 (2.4)

2We are not concerned here with overall scalar factors.



where S1 = P12 512 P12 and I is the two-dimensional identity matrix; and it satisfies the
graded Yang-Baxter equation (YBE) [BZ]

S12(p1,p2) S13(p1,p3) S23(p2,p3) = S23(p2, p3) S13(p1,p3) S12(p1,p2) | (2.5)
where
S12=5®1I, S13="Pa3S12P23, S23="Pi2S513P12, (2.6)

and Pis = P®I, Pog =1 ® P. The bulk S-matrix does not have, to our knowledge, true
crossing symmetry.? However, it does obey the “crossing-like” relations

Sth(p1,p2) = of Sia(p1,p2)0f| ., (2.7)
ZBQ <—>£E2
S5 (p1.p2) = 03 S12(prp) oy| (2:8)
17T
which imply PT symmetry
S152(p1,p2) = —0 04 Sa1(p2,p1) 04 0f | (2.9)
where t; denotes super-transposition [BJ] in the ith space,
At = Z (_1)p(])(p(z)+p(])) Aij €ji if A= Z Aij €ij » (2.10)
i,j=1 1,j=1

and the subscripts 2, < z,, indicate that one has to exchange z*(p;) with 7 (p,) in the
S-matrix. Moreover, o is the second Pauli matrix in space 1.

As noted by Beisert and Staudacher [{], the YBE is satisfied without imposing any
constraint between z(p) and 2~ (p), and without specifying w(p). For convenience, we
henceforth set

w(p) =1, (2.11)

or equivalently, we gauge w(p) away by performing the gauge transformation*

0 1
(2.12)

S12(p1,p2) — Gi(p1) Ga(p2) S12(p1,p2) G2(p2) ™' Gi(p1) ™! with G(p) = (Mp) 0) :

3For the SU(M|N) Yangian S-matrix S(u) = ul + iP, one can argue that crossing symmetry
Siy(u+mn) = ASi(u) A
is possible only for |[M — N| = 2. Indeed, canceling the u’s and squaring both sides, one obtains
(nl+iP")* = (1AP A = 1.

Using the fact (Ptl)z = (M — N)P", it follows that n = +i, M — N = 42.
4This transformation does not modify the eigenvalues of the transfer matrix, which we define in sec-
tion E



If we regard 2% (p) as the usual functions satisfying

1 1
Tt — - - — =

— — = 2.13
then the weak-coupling limit corresponds to setting
+_ 1 :
= —(ut1/2), (2.14)
g

and then letting g — 0. In this limit, the S-matrix (R.1) evidently reduces to the
well-known SU(1]1) “Yangian” S-matrix,

1 .
S(p1,p2) — ;S(Ul —uz), S(ur —uz) = (u1 —ug)l + 4P, (2.15)
where u; = u(p;).

2.2 Boundary S-matrices

The right boundary S-matrix is given by the diagonal 2 x 2 matrix [2I]

R~ (p) = diag (a — ™ (p) ,a + 2~ (p)) , (2.16)

where a is an arbitrary boundary parameter. It satisfies the (right) boundary Yang-Baxter

equation B4, B

S12(p1, p2) Ry (p1)S21(p2, —p1) Ry (p2) = R3 (p2) S12(p1, —p2) Ry (p1)S21(—p2, —p1) (2.17)
without imposing any constraint between z*(p) and z~(p) other than [
H(=p) = —2T(p). (2.18)

X

Moreover, the left boundary S-matrix is given by [1]

= diag (b+ 2~ (p),b— 2™ (p)) , (2.19)

where b is another arbitrary boundary parameter.

In the weak-coupling limit (R.14), the boundary S-matrices reduce to

R~ (p) — éR‘(u), R (u)=(a—i/2)[—uc”,
R (p) — $R+(u), R (w) = (8 —i/2)] + uo, (2.20)

where we have set a = a/g and b = 3/g.



2.3 Transfer matrix

The open-chain transfer matrix is constructed from the bulk and boundary S-matrices as

follows [0,

t(p; {pe}) = stro Ry (p) Ty (03 {pe})
= strg Ry (p) To(p: {pe}) Ry (0) To(p; {pe}) . (2.21)

where T and T are a pair of monodromy matrices

To(p;{pe}) = Sor(p,pL) - So1(p,p1)
To(p; {pe}) = Sio(p1,—p) -~ Sro(pr, —p). (2.22)

{p1,...,pr} are arbitrary “inhomogeneities” associated with each of the L quantum spaces,
the auxiliary space is denoted here by 0, and str denotes supertrace f]:

2 2
str(A) =) (~1)PD Ay = Ay — Ay for A=) Ajje;. (2.23)

i=1 i,j=1

The transfer matrix is constructed to have the commutativity property

[t(p;{pe}) t(g;{pe})] =0 (2.24)

for arbitrary values of p and gq.
The transfer matrix also obeys the exact inversion identity

ti{pe}) t(=p;{pe}) = Ao(p; {pe}) Ao(—pi{peH) L, (2.25)
where Ag(p;{p¢}) is the pseudovacuum eigenvalue. This identity can easily be verified

numerically for small values of L, and we prove it by recursion on L in appendix [d.

In the weak-coupling limit (PI4) with also zf = é(uz + 7/2), the transfer ma-

trix (.21)) becomes®
t(u; {’u,g}) =strg RS_(U)SQL(U—UL) s 501(u—u1)R0_(u)Slo(u+u1) e SL()(U—I-UL), (2.26)

where the bulk and boundary S-matrices are now given by (R.15), (R.2(), respectively.

3. Analytical Bethe ansatz

As shown in appendix B, the pseudovacuum state consisting of all spins up

1
N=e1Re1®...Qe; where 61:<0> (3.1)
L
2L+2'

5We suppress the overall factor 1 /g



is an eigenstate of the open-chain transfer matrix (R.21), with eigenvalue

z'(p)+z” (p) + + - + - + +
Ao(p;{pé})zw (a—z™(p))(b+z (p))H(x (p) =z~ (pe)) (™ (p)+2™" (pr))
=1
L
—(a+$+(p))(b—$+(p))H($+(p)—$+(pe))($+(p)+$_(pé))}- (3:2)
=1

We make the “analytical ansatz” [R5|-[B] that every eigenvalue of the transfer matrix
can be expressed as an appropriately “dressed” pseudovacuum eigenvalue,

A(p;{pe}, {N;}) = Mo {pe}) Al {N\;})- (3.3)

In order to determine the “dressing factor” A(p;{\;}), we make use of the inversion iden-
tity (R-29), which implies a corresponding identity for the eigenvalues,

Alps {pe}, AN D A(=pi{pe}, {N}) = Ao(ps {pe}) Ao(—p; {pe}) - (3.4)
It follows that the dressing factor must satisfy the constraint
Alpi{A}) A(=pi{N}) =1. (3.5)

A natural conjecture is that the open-chain dressing factor A(p;{);}) can be expressed in
terms of the closed-chain dressing factor A (p;{)\;}) (A13),

O Ih 71 (@) =2t (2= @) + 2t ()
A5 = p;{ijn‘jll(ﬁ(p)—xw;))<x+<p>+:c+<xj->>’ (30

which evidently is consistent with the constraint (B.§). As discussed in appendix [, the
dressing factor (B.§) also obeys the crossing-like relation ([D.13), which provides a further
consistency check. The dressing factor (B.6) obviously has poles at p = ;. The requirement

that the eigenvalues (B.3) be analytic implies that Aj must satisfy the open-chain BAEs

(B 200) (Pt T (=) (et o,

j=1,....M, M=0,1,...,L. (3.7)

We have checked the completeness of this solution numerically for up to L = 4.
In the weak-coupling limit (R.14), corresponding to the transfer matrix (R.26), the

solution (B.9), (B-3), (B.6), (B.7) becomes

M .
fy ) u: {u U — L —1 U+ [y .
A fueh, 1)) = Aous { mjr:[l( A () e
where
L
Ao(u;{ug}):m{(%y—m;—z (28 +2u +1) H (w—up+1) (u+up+1)
=1

L
—(2a+2u+1i)(28— 2u—ZH U—1uyp) u+w} (3.9)
=1



and the BAEs are given by

, N L - -
<2a—2uj—%> <2ﬁ+2uj+§>1—[<uj—ue+l> (Nﬁuf“) =1, (3.10)
200 4 245 + 1 28 —2u; —1 e Hj — U Hj + U

where we have also set \j = 1;/g.

4. Discussion

We have found an exact inversion identity for the open-chain transfer matrix constructed
from the SU(1|1) S-matrix [A, PZ and the corresponding boundary S-matrices [RI].
We have used this inversion identity to help determine the transfer matrix eigenval-
ues (B-2), (B-d), (B-§) and the associated BAEs (B.7). These BAEs are evidently of the
free-Fermion type, as the various Bethe roots are not coupled.

While it should also be possible to obtain these results via algebraic Bethe ansatz, we
have instead pursued here the analytical Bethe ansatz approach, since the latter should be
more manageable for the SU(2|2) case. An inversion identity may also hold for that case.
Indeed, we have verified this numerically in the weak-coupling limit with R*(u) = L.

Our proof of the inversion identity (for the SU(1|1) case) relies on recursion on the
size of the chain. It would be interesting to find a more direct proof. Unfortunately,
conventional fusion techniques for graded SU(n|m) chains [27, BJ] do not seem to work for
the n = m case (see e.g., [BY]) which we consider here.
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A. The closed SU(1|1) spin chain

The commuting transfer matrix for the closed SU(1|1) spin chain is given by

£ (p; {pe}) = stro To(p; {pe}) , (A1)
where T is the monodromy matrix defined in (R.29), which satisfies the fundamental relation
Soor (P @) To(p; {pe}) Tor (g3 {pe}) = Tor(q; {pe}) To(p; {pe}) Soo (P, q) - (A.2)

The eigenvalues of the transfer matrix can easily be determined by algebraic Bethe
ansatz. As usual [AJ], we write the monodromy matrix as a matrix in the auxiliary space

. _ [ Alpi{pe}) B(p:i{pe})
flrsteen) = <c<p; ) Dl () ) | A



The pseudovacuum state (B.1) consisting of all spins up is an eigenstate of both A(p; {p¢})
and D(p; {pe}),

i~

Ap:i{pe)Q =] (" (p) — 27 (pr)) 2,

~
Il
-

D(p;{pe}) Q =

i~

(" (p) — 2" (p)) Q. (A.4)

~
Il

1

The fundamental relation (A:2) implies the relations®

ApiA{pe})B(q;{pe}) = f(p,0)B(q;{pe})Ap;{pe}) + 9(p, ) B(p; {pe}) Alg; {pe}) (A.5)
D(p;{pe})B(q;{pe}) = f(p, ) B(a;{pe})D(p;{pe}) + 90, Q) B(p;{pe})D(q; {pe}) (A.6)

where

z~(p) — 2" (q) zt(q) =2 (q)
zt(p) — 2t (q)’ at(p) —xt(q)

Note that the same functions f(p,q), g(p,q) appear in both (A.j) and (A.6).
Consider the state obtained by applying a set of B operators with arguments

fp.q) = (A7)

9(p.q) =

A, ..., Ay on the pseudovacuum state,

AL Am) = B(Ass{pe}) - B(Awr s {pe}) Q. (A.8)

This state is an eigenstate of the transfer matrix ¢ (p; {p;}) = A(p; {ps}) — D(p: {p:}),

s {ped) A, - Aar) = A9 (s {ped, A1) A, ) (A.9)

with eigenvalue
AP {pek AN D) = AT (03 {pe) A9 (03 {A), (A.10)

where Aéc) (p;{pe}) is the pseudovacuum eigenvalue

L L
(o3 {pe}) = H —a (p) - [[ (=* z(pe)) (A.11)
=1 (=1
A (p;{\;}) is the “dressing” factor
M
(© (- X1 — x~(p) — 2" (N))

5We remark that the B operators do not commute:

z”(p) —x* (q)
= (q) —zT(p)

A similar non-commutativity has been observed in other graded models, see e.g. [@, @

B(p;{pe})B(g;{pe}) = ( ) B(q;{pe})B(p;{pe})-



and {\;} are solutions of the closed-chain BAEs

Lo, . B
T (Aj) —x”(pe) \ _ o B )
g(xﬂ/\j)—w*(pe»_l’ j=1...,M, M=0,1,...,L-1. (Al3)

We have checked the completeness of this solution numerically for up to L = 4.

In the weak-coupling limit (2:14) with also 27 = é(uz +1/2), the closed-chain transfer

matrix becomes’

t(c) (u; {’u,g}) = strg SQL(U - ’U,L) AR 501(u - ul) , (A.14)

where the S-matrix is now given by (R.15); and the solution (A.10)-(A.13) becomes

L L
Aus fue), {p;}) = [H w—ug+i) —[] u—ug]
/=1

ﬁ<uj—w+z’> _1q
—1 M — Uy

where we have also set A\; = p;/g. This weak coupling limit reproduces the results obtained

(A.15)

for periodic spin chains based on SU(1|1) super-Yangian, see e.g. [B1, ]3]
We note that the closed-chain transfer matrix (A.l]) does not satisfy an inversion
identity of the form ([[.1)). Nevertheless, it does satisfy the relation

O (p: {p ) T {pe}) = AP (03 {pe}) AY (03 {pe ) T, (A.16)

where the tilde (~) means that one should make the replacement z*(p) — 27 (p). The
corresponding relation for the eigenvalues is evidently satisfied by the expression ([A.10Q).

B. Pseudovacuum eigenvalue

We argue here that the pseudovacuum state @ (B.) is an eigenstate of the open-chain
transfer matrix ¢(p; {p,}) (B-2]), and we compute the corresponding eigenvalue Ag(p; {pe}).

A direct calculation, usual in the context of open spin chain models, shows
that fo(p; {p¢})Q is an upper triangular matrix. =~ Then, a careful calculation of
R () Ty (p;{pe}) Q shows, after taking the supertrace in the auxiliary space 0, that
is an eigenvector of the transfer matrix with eigenvalue

L
Ao(pi{pe}) = (a— a2 ") +a7) [[(e" — )@t + 7))
V4

:M

—(a+z7)(b—at Tz (et +2))

"We suppress the overall factor 1 / gT.



(=1

L
Z{ a—a")(b—a")(at —a7)(z — ;)
l—

1 L
X H($+ —z )zt + ) H (zt —z) (@t + xl‘j)} . (B.1)

k=1 k=0+1

We have used the notations
v =a2(p) and af =a2%(p), L=1,...,L. (B.2)

This expression can be simplified in the following way. One first shows by recursion on L
that for any set of variables y and zét, {=1,...,L, one has the identity

-1

23/ZL: S [

- L
y—z)(y+2) H (y—z;)y+2)
/=1 k=1 k=(+1
L L
= [[ov-20)w+2) - TJw—2D)w+2). (B.3)
=1 =1

Then, using this relation, one rewrites (B.1) as

x4z

L
Ao(p;{pe})zw{(a—iﬂ )(b+27) H —ay ) (@t + )

~
—_

—(a+zt)(b—2at

:h

Tz —I—:Eé)}. (B.4)

~
Il
-

C. Inversion identity

We write the monodromy matrix with auxiliary space 0 and quantum spaces 1,2,...,L as
a matrix in space 0:

7 (p) = To(p; {pe}) = Sor.(p,p1) -+ So1 (p, p1) Ry (9) S10(p1, —p) - - S1o(pr, —p)

([ Av.L(p) Bi.L(p)
B <C’1...L(p) D1...L(P)) ' (C.1)

We remark that the monodromy matrix is unitary,
" (0) T4 (—p) = pr(p) Tor..L., (C.2)
L
pr(p) = (a—at)(a+a”) [[@F +a)) (@t =2, ) (@™ +a; ) (@~ —2]), (C.3)
=1
which in components reads

Ar.n(p) A1...(=p) + B1..L(p) C1..L(—p) =
Di...(p) D1...(=p) + C1..n(p) B1...(—p) =

— 10 —



Ar..1(p) Br...(=p) + B1....(p) D1....(—p)
Cr..(p) Ar..L(—=p) + D1...(p) Ci...(—p)

Il
o o
~—~
Q a
>
SN—

We decompose the scattering matrix in the same way:

_ [ acp,pr) bo(p,pr) \ _ [ ar(p) br(p)
Sor(p.pL) = <CL(p,pL) dL(P,pL)) B (CL(P) dL(p)) ’ ©8)
where we have defined the 2 x 2 matrices
_[oappr) 0O , B 0 0
ar(p,pL) = ( 0 az(p,pL)> ; br(p,pr) = (ﬁ(p,pL) 0> (C.9)
[ 0~(p,pL) . ~(%ppr) O
cr(p,pr) = (0 0 > ; dr(p,pr) = < 0 52(p7pL)> (C.10)
with
a1(p,pr) = =7 (p) — 2~ (pL); ax(p,pr) = 2~ (p) — = (pr) (C.11)
B(p,pr) =z (p) — x~ (p); v(p,pr) =« (pr) — =~ (pL) (C.12)
51(p,pr) =« (p) — 2" (pr); d2(p,pr) = =~ (p) — =™ (p) (C.13)
or in the weak coupling limit (2.14)),
a1 (p,prL) = %m; as(p,pr) = — _guL; B(p,pr) = g =v(p,pr) (C.14)
51(p,pr) = —L; da(p,pL) = A (C.15)
g g
The identity Sro(pr,p) = Sor(—p, —pr) leads to the decomposition
o (@) bup)
Sro(pr, —p) = <€L(p) dL(p)> (C.16)

~

where for any function f(p) = f(p,pr), we introduced f(p) = f(p, —pL)-
The unitary relation for the S-matrix (R.4) leads to

ar+1(p)ars1(=p) +br1(p) eria(—p) = —(2" — 2 )™ —a], )l (C17)
dr1(p) d (=p) + coia(p) brar (=p) = —(aF —ap, )@ —af, )l (C.18)
aL+1(p)br+1(—p) + br1(p) d1(—p) = 0 (C.19)
cr+1(p) @r+1(—p) +drt1(p) cr41(—=p) = 0 (C.20)

Note that by changing pry1 to —pr11, one gets a new set of relations where ‘hatted’ and
‘unhatted’ functions are exchanged. For instance, relation ([C.17) leads to

ar1(p) arya(—p) +brya(p) coa(—p) = —(@~ + 27, (@ +af, ) (C.21)

— 11 —



Then, the fundamental recursion relation

'TO(LH)(Z)) = So,.+1(P,PL+1) 'TO(L) (p) St+1,0(PL+1,—p) (C.22)

leads to the following relations

Ar.2+1(p) = apy1(p) @rt1(p) Ar..L(p) — ar+1(p) cry1(p) Br..L(p)

+br+1(p) ar+1(p) Cr..L(p) + br+1(p) eL+1(p) D1..L(p) (C.23)
Bi.ni1(p) = ar1(0)brs1(p) ArL(p) + ari1(p) drv1(p) Bi..L(p)
+br41(p) drs1(p) Dr..L(p), (C.24)
A
)

Cr.oy1(p) = cor1(p)ar1(p) Ar..L(p) + dry1(p) ar1(p) Cr....(p)

+dr+1(p) er+1(p) D1..L(p) , (C.25)
D1..12+1(p) = cL41(p) bra1(p) Ar..r.(p) + cL41(p) dis1(p) Br...L(p)

—dp1(p) bra1(p) Cr.(p) + drs1(p) drsa(p) D1r(p),  (C.26)

where we have used the property ([C.31]) below. Let us stress that, in the r.h.s. of the above
expressions, A, B, C and D act in spaces 1,..., L while a, b, ¢, d act in space L + 1.

Using these expressions, it is a long but simple exercise to show by recursion on L that
one has the following relations:

A1 L(p) D1.o(=p) ~ 11 1L; Dy p(p) A1 L(-p) ~ T 1 (C.27)
Ar.n(p) A1.L(=p) + D1..L(p) D1...(=p) ~ 1L (C.28)
A1..(P)Cr..L(=p) + Cr..L(p) D1..L(—=p) = 0 (C.29)
B1...(p) A1...(—=p) + D1..L(p) B1...(—=p) = 0 (C.30)

where the symbol ~ denotes equality up to a multiplication by a (scalar) function. The
case L = 1 can be checked directly. We show explicitly the recursion for the first equality,
the other ones being proven in the same way.

We suppose that (C27)(C30) are valid at a given L, and expand
Ar. 1+1(p) D1..1+1(—p) using expressions (C.23)-(IC.26). From unitarity relations (IC.4)-
(C7) and recursion hypothesis ([C.27)-(C.30), one can eliminate terms Dr(p)Br(—p),
Dr(p)Cr(=p), Br(p)Dr(—p), Cr(p)Dr(—p), Br(p)Cr(—p) and Cr(p)Br(—p) from any

expression. We can also use the property

c(p,p1)Uc(q,q1) =0=>b(p,p1)Ub(q,q1), ¥ p,q,p1,q1 for any diagonal matrix U,
(C.31)

which is a generalization of the nilpotency for the matrices b and c. In the same way, since
b (respectively c) are lower (respectively, upper) triangular matrices, we have

Vb(p,p1) Uclg,q1) = b(p,p1) Uclg, 1) V (C.32)
Vv C(pvpl) Ub(q7 ql) = C(pvpl) Ub(q7 ql) Vv
VY p,q,p1,q1 and for any diagonal matrices U and V.
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As a result, one gets
A1) Dy 11 (—p) = aps1(p)ars1(p) dps1(—p) drs1(—p) Ar_r(p) Di.r(—p)
—<aL+1(p eL+1(p) drs1 (—p) brs (—=p) + brs1 (p) G (p) crra(— )C/Z\L—H(_p)) pr(p) .1

+br41(p) <3L+1(P) cr+1(—p) + ¢r41(p) dr+1(—p) p)D1..(p) D1...(—p)

)
(2
(

(
( ) di
+ar+1(p) (p) cL41(=p) + CL+1(p) drsa( p)) L+1(=p) A1.r(p) Ar.L(=p) (C.33)
+ar1(p) (d+1(p) cr1(—p) +ELar(p) dia (<p) ) disa (<p) A1 (p) Bu.1(-p)
+br41(p < p)cr+1(=p) +Cr+1(p) drta(— P) p) C1..L(p) Ar..L(=p)
<bL+1(p) aL+1(p) drs1(—p) disa (—p)

+ar+1(p) ar+1(p) dL+1(—P)3L+1(—P)) A1.(p) Cr..L(-p)-

Using the explicit forms (C.11)-(C.13) (or (C.14)-(C.15) if one is interested just in the

weak-coupling limit), one can check that the following relations hold:

ar+1(p) cr+1(=p) +cor1(p)dr1(—p) =0 (C.34)

b1 (D) Ars1(p) drs1(—p) drt1(—p) + a1 () @rs1 (p) drsr (—p) brgi(—p) =0 (C.35)
az11(p) €L41(p) ds1(—p) brs1(—p) + brs1(p) Ars1(p) cLi1(—p) dps1(—p) ~ Ips1(C.36)
ap11(p)aps1(p) dpy1 (—p)drs1(—p) ~ Ini1 (C.37)

where, as above, the symbol ~ denotes equality up to a multiplication by a (scalar)
function. This proves that we have

A1) D1 p41(—=p) ~ i p41- (C.38)

Let us stress that in proving relation (C.3§), the identity I;,; appearing in ([C.36)
and () is essential to pass from I;_ f to ;. 41 in the recursion. Note also that, apart
from the relation (R.1§), the explicit form of ¥ (p) is not needed in this calculation.

The other relations are proven along the same lines, and reduce to a long list of relations
on a, b, ¢c and d that have to be fulfilled. We checked all of them. Most of these relations
are ensured by the unitarity relations ([C.17)-(C.20) and the following quadratic ones:

az+1(p) Gr11(—p) — c11(p) brr1(—p) = (z* —af )@, —2 ) (C39)
dr11(p) drs1(—p) — brs1(p) €rs1(—p) = (27 —af )@y —2 )y (CA40)
dr+1(p) b1(—p) + bria(p) apya(—p) = 0 (C.41)

ar1(p)dpsa(=p) = —(@" +ap,,) (@ +af,,) I (C42)

For instance, once (C.42) is proved, (.39) reduces to the unitarity relation ([C.19),
and ([C.37) is trivially satisfied. In reducing the number of equations to be satisfied, prop-

erties ([C.31) and ([C.39) need also to be used.
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Some quartic relations, similar to ([C.36), remain to be checked directly. We verified
all of them, they take two generic forms. To describe these two forms, we introduce
the notation

g(p) = bry1(p) or cry1(p) (C.43)
{h(p),t(p)} = {ar+1(p),dr+1(p)} or {dr4+1(p),ar+1(p)} (C.44)

Then, one can check that

h(p) G(p) a(—p) h(=p) +£(p) d(p) g(—p) {(~p) = 0 (C.45)
h(p)G(p) d(—p) h(—p) + L(p)@(p) g(—p) {(—p) = 0 C.46)
together with
h(p) h(p) b(—p) E(—p) + c(p) b(p) £(—p) £(—p) ~ I (C.47)
b(p) h(p) h(—p) E(—p) + c(p) £(p) £(—p) b(—p) ~ T (C.48)
h(p) b(p) c(—p) h(—p) + £(p) @(p) b(—p) £(—p) ~ I (C.49)
These relations also ensure that the relations ([C.27)([C.30) are fulfilled for L = 1.
Once (C.27)-(C.30) are proven, it is easy to show that the transfer matrix
t(pi{pe}) = (b+2~(p) Ar.(p) — (b— 27 (p)) D1..L(p) (C.50)

obeys the following relation:

t(p; {pe}) t(—=p; {pe}) ~ li2..-

To determine the normalization coefficient, we apply this relation onto the pseudovacuum
Q. This leads to

t(p; {pe}) t(—=p; {pe}) = Ao(p; {pe}) Ao(—p; {pe}) 2. L - (C.51)

Finally, let us remark that this proof is also valid in the weak coupling limit, i.e. for
an open spin chain based on the SU(1|1) super-Yangian. Numerical investigations suggest
that the inversion identity may also be valid for open spin chains based on SU(n|n) super-
Yangian, with trivial boundary matrices R*(p) ~ I.

D. Crossing-like relation

We show here that the open-chain transfer matrix obeys the crossing-like relation ([D.I7).
To this end, we use the S-matrix property (R.9) to deduce®

To(p)ot-'t = (-1t

%...U?fagfo(—p)aga?f...a% (D.1)
To(p)letr-te = (—1)F 0¥ ... oYl To(—p) ola? ... oY (D.2)

8To streamline the notation, we omit the dependence on the inhomogeneity parameters.
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This implies that we have
t(p)te = oY .. oY strg <R3'(p) o8 To(—p) o8 Ry (p) ol To(—p) ag>a§f ol (D3
Using cyclicity of the supertrace and the property
o) RE(p) o} = R (~p) (D4)
we get a first relation on the transfer matrix
tip)rt =o¥ . ol t(—p)ol...aY. (D.5)
On the other hand, from the relation (B.§), one has
To(p)"-' = a¥ ...0% Ty(p)

To(p)' 1t = 0¥ ... oY To(p)

so that one can compute
Hp)™ " = stro(To(p)*** Ry (9) To ()"~ R (0))

= strof (Tolo) 5 Ry ) (To(p)™ = R ()}

= stro(Rg (p) To(p)" % R (p) To(p)") (D.8)

— oY .. .o stro{Rg (p) (fo(p))xmf R (p) <T0(p)>x+<_)x7} ol ol

— oY .oV stro{ (fo(p)t())mh_mF Ry (p) (To(p)m)mmT Rg(p)} ol .oV

= o} ..ofstrolod (To)) ... oY By D)o} (To(0)") .- o4 RS (W)} o ..o
. Suud o Suut

Finally, using the relations

oy Ry (p)oy = —Ry(p)|,4_,. and of Ry (p)oy =—Ri )|, .- (D.9)
a—-—a b——b
we deduce
tp) =0l o tp) oy 0] | e aea - (D.10)

acg:a—ac?: ; b—>—b

Comparing this last equality with the relation (D.§), we arrive at the desired result

(D.11)

zt gt ; a——a °

acg:a—ac?: ; b—>—b

This identity, applied to a transfer matrix eigenvector, leads to the following relation for
the transfer matrix eigenvalue

A(p) = Ap)

(D.12)

st ——at ; a——a

+ +

——x

rE kb et (Ag)——at ()
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Note the change of sign of the Bethe roots z*(});) induced by the BAE (B.7). Indeed, it
is easy to check that if {x1()\;)} is a set of solutions of these BAEs for the parameters
{xi,xzt, a,b}, then the BAE solutions for the parameters {—z7, —xf, —a,—b} are
given by {—zT(\;)}.

The same calculation can be done for the closed chain. One obtains

I
—
|
—_
SN—

~
~
)
3
SN—
8
1
4

(p) and A(p) = (~D AD) [ s, e (DI3)

T, ——T
e

at(rj)——at()))
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